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The Poisson structure generating the hamiltonian dynamics of string vortices is reconstructed 
within the current algebra picture as a limiting case of the standard brackets associated to fluids with 
a smooth vorticity field. The approach implemented bypasses the use of Dirac's procedure. The fine 
structure of the dynamical algebra is derived for planar fluids by implementing an appropriate spatial 
fragmentation of the vorticity field, and the limit to the point vortex gas is effected. The physical 
interpretation of the resulting local currents is provided. Nontrivial differences characterizing the 
canonical quantization of point vortices and the current algebra quantization are also illustrated. 
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I. INTRODUCTION 

The formation of vortices and their interactions in su- 
perfluid media p| such as 4 He (and closely related sys- 
tems such as type-II superconductors 0) have been de- 
tected and thoroughly studied at the classical level since 
forty years ago. Recent experimental results concern- 
ing the Bose-Einstein condensates show the emergence of 
vortices in the condensates p] thus providing a further 
scenario in which vortices can be investigated. Despite 
the large number of physical systems exhibiting excited 
states with vortices, a quite mild interest has been raised 
by the study of the quantum aspects inherent in their 
dynamics that, on the contrary, should be relevant both 
because vortex formation occurs at very low tempera- 
tures, and because vortex interactions take place on mi- 
croscopic/mesoscopic spatial scales, where quantum ef- 
fects are important [Q. 

Such a situation is probably originated by the great dif- 
ficulties in formulating, within the quantum field theory 
of superffuid media (and closely related systems), a quan- 
tization scheme which supplies both an effective represen- 
tation of the fluid topological excitations (vortex states), 
and a viable approach to investigate the formal aspects of 
the theory. In particular, the dynamical degrees of free- 
dom activated by the vortex emergence exhibit a struc- 
tural complexity which renders dramatically difficult any 
attempt to construct explicitly the Hilbert space for the 
fluid quantum states ||, ||. Such a program is further 
complicated by the fact that, since vortices are extended 
object equipped with a possibly nontrivial topological 
structure, a consistent quantum description of the fluid 
should incorporate as well the vortex topology in terms 
of constant of motions representing generalized circula- 
tions. 

Such aspects have been thoroughly studied in a series 
of paper within the geometric quantization scheme both 
for fluids with a vorticity field confined on filaments 
0, H (gas of line vortices), and for fluids whose state 
is described by a smooth (extended) vorticity field S, 



flipf . A large amount of work has been devoted to such 
two models of fluids in order to realize the unitary ir- 
reducible representations of the field operators and the 
ensuing construction of the Hilbert space. Despite the 
recognition within the geometric scheme of several basic, 
both group-theoretic and algebraic, features that charac- 
terize the fluid structure and its description, almost no 
attention has been directed to considering how the vortex 
quantization is influenced by the limiting process which 
relates the previous models through the squeezing of the 
extended vorticity field to a set of disjoint lines. 

In this paper we start to investigate this limit and the 
advantages it entails as to the stringlike-vortex descrip- 
tion, and try to emphasize some nontrivial aspects con- 
cerning the quantization of vorticity fields in the planar 
case. 

One of the first attempts to quantize the vortex dy- 
namics was developed in Ref. |12[ for a model of almost 
parallel line vortices within the canonical approach based 
on coordinates and momenta. Its natural extention to 
planar systems of superfluids with point vortices raised 
a certain interest several years later mainly in relation 
to the possibility of observing fractional statistics. The 
difficulties inherent in the quantization process were com- 
pletely recognized in Ref. [|| where the canonical scheme 
was employed to construct the quantum field theory of 
three-dimensional (3D) vortices characterized by a sin- 
gular vorticity field 



w(x) = k <j> dx(s) <5 3 (x - x(s)) 



(1) 



with vortex strength k, where T is a possibly self-knotted 
string with any number of components. Such an arbitrar- 
ily complex object provided a realistic generalization of 
the model of parallel vortex lines by introducing explic- 
itly the topological strucure of line vortices. The com- 
ponents Xj(s,t) of the 3D vector x(s,i) representing the 
smooth curve T € R 3 (s is the string parameter on T, 
and j = 1, 2, 3) supplied the coordinates at each time t, 
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whereas the canonically conjugate momenta 

6{d t Xi) 

were obtained from the Lagrangian functional 



(the fluid density p is assumed to be constant) con- 
taining the ideal fluid energy H (see Eq. flq) be- 
low). Momenta Pj entail the dynamical constraints 
Pi — (pk/S) eijkXj d s Xk = that revealed the singular 
character of C, and showed how the stringlike vortex dy- 
namics actually takes place on a submanifold of the stan- 
dard phase space V := {(Pj(s,t),Xj(s,t))}. The price of 
implementing the canonical picture based on the brackets 



{ffi i («,t),P i (a / ,*)} = Sis-s^Si 



(2) 



was to reconstruct Eq. (|2j) within the Dirac procedure 
so as to incorporate the dynamical constraints. The dy- 
namics was thus formulated through the Dirac brackets 
{A, B], :={A, B} + (A\C\B), where 

(A\C\B) = Jds Jds'{A, $ Q (s)} C a , (s, s') {^(s'), B} , 

{A, B} represents the standard Poisson brackets, C a .p 
are elements of the matrix C := ||{$q,,4>/3}|| _1 and the 
functionals $ Q (s), a — 1,2, of the canonical variables 
essentially identify with the components of the part of 
P — (pfc/3)x A d s x orthogonal to the vector field x(s,i). 
The main issue of Dirac's formalism was the unexpected 
coordinate brackets 



{xi(s),Xj(s')}* = -j^-eijf. 5(s - s') d s x k (s) (3) 



showing how coordinates Xj cannot be regarded any 
longer as independent variables. At the quantum level, 
Eqs. (0) entailed the remarkable effects that the projec- 
tions of r on the planes Xi— Xj, i,j — 1,2,3, are affected 
manifestly by the quantum uncertainty, and led to imag- 
ine r as a tubular domain representing the intrinsically 
approximate position of the vortex core (see Ref. Il3j ) . 

A further observation is suggested by Eq. (||) : in spite 
of the local canonical character of coordinates, the alge- 
braic structure exhibited by Eq. (j^) is actually nonlocal 
consistent with the fact that T is a true three-dimensional 
object. In Ref. ||, this led the authors to construct the 
algebra of currents, which we review in the sequel, so as 
to avoid the dependence on local parametrizations as well 
as on Dirac's formalism. 

The first goal of this paper is to show how the alge- 
braic structure involved by the functional picture based 
on L-dependent currents can be derived in a direct way 
from the standard Lie-Poisson structure 



{F, G}(w) = i | d 3 z w ■ (curl S £ A curl %L) , (4) 

without implementing Dirac's procedure. The structure 
([I]), that generates the vortex dynamics |Q when the 
vorticity field w(x) is smooth (namely its components 
Wj(x) S C°°(R 3 )), contains as a limiting case the Pois- 
son structure for vorticity fields w collapsed on an array 
of strings (singular limit), no matter how complex the 
underlying topological structure is. 

The second purpose of the present paper is to consider 
the effect of the singular limit on the vortex Lie-Poisson 
(LP) structure in the two-dimensional case, where the 
limit consists in squeezing the vorticity fields on (a set 
of) isolated points of the ambient plane. The resulting 
point vortex gas is well known to represent the reference 
model for a number of systems with vortex excitations 
such as superfluid films |H| of 4 He (adsorbed both on 
planar substrates and on porous materials), planar su- 
perconductors , and Josephson junctions' arrays |l(J 
(see also Ref. 117 ] and references therein). Our interest 
in analyzing the 2D singular limit comes from the wish 
of establishing a clear link between the smooth case and 
the singular case. More specifically, we aim at unveiling 
the algebraic structure of point vortices within the am- 
pler framework of the current algebra (CA) of the smooth 
case. 

The point of view adopted here is that in the 2D case 
the CA contains an explicit many-body structure related 
to the spatial distribution of positive/negative vorticity 
which deserves to be investigated. Such a fine structure of 
A (storing information on the spatial distribution of w) 
paves the way to the emergence of the canonical Poisson 
structure that customarily characterizes the point vor- 
tex dynamics. The 3D case can be also studied from 
this viewpoint even if the fragmentation must be devel- 
oped based on the complex topological structure of w. In 
this respect, however, the Arnold cells |ll| should repre- 
sent the 3D counterpart of 2D fragmentation. The latter 
enables us to shed light on certain features that charac- 
terize, at the quantum level, the construction of the CA 
of the point vortex model, and unexpectedly prevents it 
from matching the version of the algebra obtained within 
the field theory formalism. 

The paper is organized as follows: In Sec. II, after 
introducing the standard derivation of Euler's equations 
by means of appropriate Lie-Poisson brackets, the CA 
picture is rewieved for the 3D case and its relevance for 
the quantization of the vortex dynamics is showed. In 
Sec. Ill the CA picture is used to perform in a consistent 
way the string limit of formula (^) in order to construct 
the Poisson structure for a gas of stringlike objects (a 
more formal derivation is furnished in appendix A based 
on the Clebsch potential picture). Some applications of 
the brackets thus obtained are illustrated as well. In Sec. 
IV the many-body structure of vortex dynamics is inves- 
tigated in the 2D case and the fine structure of the CA 
is evidenced via an appropriate fragmentation of the vor- 
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ticity field. The latter is related to the CA reconstructed 
for 2D point vortices within the canonical quantization. 
The CA of the point vortices is compared with the CA of 
the smooth case and their inequivalence at the quantum 
level is proven: a suitable scmiclassical limit is shown to 
reconcile such situations. 



II. CURRENT ALGEBRA APPROACH TO 
VORTEX DYNAMICS 

The classical motion of a perfect fluid with velocity 
field v, vorticity field w = curlv, and Hamiltonian 



ff[v] = | ftPx v 2 (x), 



(5) 



is governed by the Eulcr equation v = — v • V v. Observ- 
ing that v • V v = v A w — Vv 2 /2, the vorticity equation 



w = —curl (v A w) , 



(6) 



based on representing the fluid state through w, is easily 
obtained from the Euler equation |19|. The derivation of 
both equations is easily performed by means of the usual 
Lie-Poisson (LP) brackets pi 



{F,G}[vl = - [ d 3 x curlv 
P J 



/SF SG\ 

(*F A - 



Sv) 



(7) 



where F and G are functions that depend on v, and the 
notation J d n x denotes, from now on, the integration on 
the whole space R". It is important to observe how a 
consistent use of Eq. (^) requires that v is expressed as a 
functionals of w. This is achieved by imposing the diver- 
genceless condition divv = on v, namely by identifying 
v with V(x) = curlU(x), where the vector potential 
U(x) is defined as 

U(x) = J d 3 y G(x-y)w(y) , 

and the Green function G in 3 and 2 dimensions reads 
G(x-y) = l/(47r|x-y|) and G(x-y) = (l/2^)m|x-y|, 
respectively. 

In the case when F and G are assumed to depend on 
the equivalence class [vl = {v' : v' = v + V/}, the LP 
brackets take the form (0) in that SF/Sv — curl (SF/Sw). 
Explicitly, this amounts to assuming that F and G de- 
pend on w namely on the divergence-free field V. 

Replacing v with V in H[v] incorporates explicitly the 
divergenceless feature in the theory. This leads to the 
quadratic form 



£T[w] = - 
L J 2 



Jd 3 x |d 3 !/G(x-y)w(x)-w(y) 



which generates Eq. (g) via brackets (Q). 

An alternative formulation j5[ of vortex dynamics can 
be given in terms of current algebra A. The latter con- 
sists of functionals of [v] (the currents) defined as 



<7 a [v] = p J d 3 xa-v — p J d 3 xA ■ w = Ja[w] , 



(8) 



where a belongs to the algebra Q = {a : a = curl A} of 
divergence-free vector fields. One can easily check that 
•7 a [v] — J a [v + V/]. The algebraic structure of A shows 
up via the equation |2l] 



{•/a, ^b}[v] = J[a,b][v] 



(9) 



where [a, b] = curl(aAb), that is fulfilled by two any 
currents of A. The structure constants of A are readily 
worked out by introducing the subalgebra of the mode 
currents Af- The latter is defined by noting that any 
current Ja[w] can be expressed in terms of the Fourier 
transform A(q) relative to A as 



•7a [w] —pi d 3 x A 



d 3 q A(q) • J c 



where the mode current J q [w] := e m J™[w] has vector 
components 



J™[w}=p d 



>(x) 



(10) 



Then one can easily show that the basic brackets of A 
are given by 



{J™, J p "}[w] = - C ro , n (q, p) J q \ p [w] 

k=l 



(11) 



where G m> „(q, p) := e k ■ [(q A e m ) A (p A e„)] are the 
structure constants, and e*., k — 1,2,3 are the unit vec- 
tors of the 3D euclidean basis. The equations of motion of 
any current J q n [w] can be easily derived via the brack- 
ets ( |TT| ) once ff[w] itself has been rewritten as a func- 
tional of currents •7 q n [w] by inverting formula ([To]) (see 
Ref. H)). This proves that Af indeed furnishes a set 
of observables which is complete, namely Af represents 
an alternative scheme in which representing the fluid dy- 
namics. Brackets ([ll]) also shows how the sub-algebra of 
mode currents is the most advantageous set of commu- 
tators in which implementing the quantization process. 
Nevertheless, it important to recall that the parent set of 
commutators (^|) indicate that the quantization process 
is equivalent to construct the unitary irreducible repre- 
sentations of the group of diffcomorphism which is one 
of the hardest, unsolved problem of the theory of group 
representations . 



3 



III. STRING LIMIT OF 3D CURRENT ALGEBRA 

Upon performing the limit which confines the vorticity 
field on a stringlike domain (that is, on a vortex filament), 
namely considering 

w(x) -> w*(x) = V k a I dy a (s) <5 3 (x -y„(«)) (12) 

the current (|[) becomes 

4[w]=pVi„ f dx a -A(x a ), 

whereas the current {Ja, </b}[w] reduces to 

{J A, Jb}[w] = p y~] k a f dx a ■ (a(x a ) A b(x a )) . 

Therefore the form assumed by Poisson brackets (Q) when 
limit (^[) is enacted must be consistent with this result. 
Observing that 



ST 



df 



d df 



<5x(s) <9x(s) ds <3x(s) 



(13) 



for any function T — J dq /[x(g), x(q)], where x(s) := 
dx.(s)/ds, one easily obtains 



SJa 
Sx(b) 

This entails, in turn 



pk x(s) A curl A 



r{s) 



SJa . SJ G 

A 



<5x(s) <5x(s) 



= k 2 p 2 r(s) • (a A b) x(s 



provided r(s) = x(s) is a unit vector i.e. the parameter s 
is identified with the arc-lenght of T. This result suggests 
the substitution 



SF S OF 

curl ► x a A - — — — 

Sw Sx a ak a 



(14) 



as a consequence of limit (|12|), where the index a takes 
into account the possible many-component structure Y = 
{r a } of the string model. Hence the string LP brackets 
for a many-component line vortex turn out to be 



{F,G}[w]=W ^ 
: Jr a P 



8 dF J_dG_\ 



s Sx a dk a Sx a dk a J 
A simplified version is also available in the form 

{^iH^x / dx -(lf A lr) ■ (15) 

~^ pK a Jr a \ 0X o ox a / 

which can be used in a consistent way provided both F 
and G have a linear dependence on fc a 's as the currents 



of A. Another derivation of Eq. (JlJ) is described in Ap- 
pendix A, where we reformulate the LP brackets within 
the Clebsch picture of fluids in such a way that the de- 
pendence on the diffcomorphism action is expressed ex- 
plicitly. 

A simple way to test the validity of the brackets 
just obtained consists in checking whether they repro- 
duce correctly the equation of motion for the vortex fil- 
ament by calculating explicitly the right hand side of 
d t x = {x,H}. The effect of limit @ on H and U is 
that of exhibiting them into the form 



a b 



X& 



and 



U(x) = £ k a <f dXa , 
^— ' J T 4?r x - x Q 

respectively. Considering the single string case one finds 

(16) 



r 6H x(s) 



Sx(s) p 
where the functional derivative of H is given by 

SH _kp f f L S x(r) 
fc(s)-~^f T dY 7o r &( S ) |x(r)-y| 



p x(s) A k 



(x(s) - y) A dy 



T r 4tt|x(s) - y| 3 
Then, the expected equation of motion 
(x - y) A dy 



d t x = A(r)x + k 



r 47r|x- 



= A(r)x-v( x; r), 



with A(r) := x ■ V(x; T), is achieved by explicitly calcu- 
lating the wedge product in Eq. ([if]). Notice that the 
component A(s, T) generates displacements of T that are 
parallel to P itself due to its longitudinal character. The 
above result easily extends to the many-component case. 



IV. FINE STRUCTURE OF 2D CURRENT 
ALGEBRA 

For planar vortices the notation of CA formalism can 
be simplified in view of the fact that w = we3 , a = 
curl {Ae 3 ) = VA A e 3 with V = e 1 d Xl + e$) X2 . In partic- 
ular, brackets (^) reduce to 

{F,G}[w] = l|d 2 xw.(v^AV^ , (17) 

which, upon observing that a generic current is available 
in the two forms J a [v] = p J d 2 x a • v = p J d 2 x Aw = 
J A [w] , provides the current brackets 



{J A , Js}[w] 



d 2 xw- (VAA VB) 



'{A,B}[ 
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where {A, B} x = e 3 -(VAAVB). 

The two-dimensional LP structure just worked out can 
be reformulated in such a way that the partition of the 
ambient plane R 2 in many sub-domains is accounted for 
explicitly. This is realized through the representation of 
the unit constant function 

i = ]Te Q (x) (is) 

a 

in terms of Heaviside functions a (x) := 0(x;5* a ) non- 
vanishing inside the domain S a . The underlying idea 
is to show that implementing the fragmentation process 
within the brackets formalism leads to recognize the sin- 
gle components w Q (x) of w (associated to plane domains 
S a ) as independent dynamical degrees of freedom. 

The rule for selecting such domains is based on separat- 
ing the negative islands (where w < 0) from the positive 
ones (where w > 0). Such a situation indeed is usual since 
the condition J d 2 x w(x) = is customarily assumed to 
exclude unphysical vortex configurations whose energy 
cost is too high. On the other hand, the stable character 
of such domains is ensured by the hydrodynamic laws of 
perfect fluids which state the conservation of (the struc- 
ture of) space patterns (the partition in positive/negative 
vorticity domains, in the present case) when the evolu- 
tion is driven by area preserving diffeomorphisms. 

Using Eq. ([18|) any current Ja[w] can be reexpressed 
in terms of local currents as 

JaIw] = Y, J aW=Y,P I d 2 xA( x )w(x), (19) 

a a 

where jl [w] = p f cPx A(x.) u;(x)0 a (x). In this way 
the additional information concerning the spatial distri- 
bution of vorticity is explicitly taken into account in the 
current description of the fluid. At the quantum level, 
the quantity [w] with A = 1 are expected to rep- 
resent the quanta of vorticity located in S a . A simple 
calculation shows that the LP brackets of local currents 
are given by 

{^ a) ,^ b) }[w]= S ab Jf AfB} [w] (20) 

provided w a (x) = for x 6 dS a - The vanishing of w 
on the boundary separating different confining domains 
is crucial to eliminate the contributions coming from the 
divergent character of 

V8 a (x) = I cZyAe 3 <5 2 (x-y) 

JdS a 

on the boundary of S a - This fact motivates as well the 
choice of the set of plane domains S a based on distin- 
guishing positive from negative vorticity domains. Fur- 
thermore the LP brackets for any two currents can be 
rewritten by means of the formula 

{Jx,J B }[w]=E B / ^w a .(vf^AV^V (21) 

JS a P \ dw a ™ a / 



explicitly exhibiting the fine structure of the vorticity do- 
mains. This also implies that {w a := w(x) : x € S a } can 
be considered as a set of fluid dynamical variables. 

It is worth noting how the fragmentation picture just 
introduced allows one to enlarge the set of currents so as 
to include current whose labels A not necessarily vanish 
for |x| — * oo. The case in which A = X\, B = x% is il- 
lustrative of this. From Eq. ( |20| ) one readily obtains the 
canonical coordinatelike brackets 

= S ab j[ a \w] = S abP K a , (22) 

where K a — f„ d 2 xw(x), that relate the present field- 
theory description to the pointlike vortex gas description 
of the Helmholtz standard model. The quantum version 
of Eq. (p2) implies that the information related to the 
(average jposition of the vortex domain S a on the x\- 
axis cannot be given together with that concerning the 
position on the X2-axis. This clearly mimics the effects of 
the canonical quantization rule standardly used for point 
vortices [£4j as well as the uncertainty affecting the po- 
sition of the string in the 3D case. A nice magnetic-like 
interpretation of J$$ , is also available. Rewriting 
first xiw(x) (x2w(x)) in Jil (Jxa) as 

x r w(x) = v A curl(a; r e3) — div(a; r e3 A v) , r = 1, 2 , 

and using then formula e3 div(A A e 3 ) = curlA one finds 
jif = ei • P (a) and -J$ = e 2 • P( n ), where 

P(a) = P(a) + f ( e 3 A x) (v ■ G?x) , 

J la 

with p( a j := p J s d 2 xv and -f a = dS a - Such an expres- 
sion makes visible the structure of generalized magnetic 
moments characterizing P( a ) m which p( a ) represents the 
total momentum pertaining to the domain S a , while the 
circulation term can be seen as an effective vector po- 
tential A = Bes A r, where r = (x) = §(dx ■ v)x/K a 
and K a is the magnetic field B. Such a picture matches 
the magnetic approach to the point vortex quantization 
presented in Ref. p7| . 

Similarly to the 3D case, the Fourier mode algebra 
is obtained by considering the Fourier decomposition 
A(x) = J cPq A(q)e lqx and defining the mode currents 

J q [w] = J d 2 x w(x)e Jclx , (23) 

that represent the functionals whereby reconstructing 
any current as illustrated by the formula Ja[w] = 
p J d 2 x A(x) w(x) = f d 2 q A(q)Jq[w]. Moreover, the 
Poisson brackets of the J q [w] 's are readily derived from 
Eq. ( pp| ) which provides the formula 

{ J q , J p }[w] = -e 3 • (q A p) Jq+ P [w] , 
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whereby its quantum mechanical counterpart 
[J q , J p ][w] = -ih e 3 ■ (q A p) J q+P (w) , 



(24) 



is derived. The resulting algebra coincides with the well 
known algebra W(oo) (see, e.g., Ref. p2|). 

Now, going to the case of point vortices, it is interest- 
ing to illustrate the diversity characterizing the scheme 
based on the canonical variables and the procedure re- 
lying on the CA. Quantizing a classical 2D vortex gas 
is usually performed by replacing its classical Poisson 
brackets [^3| {x a ,yb} = S a b/pk a with the commutators 
[ x aiVb] = ifrSab/pka (see, e.g., Ref. Q). The definition 
of the q currents for a pointlike vorticity distribution en- 
sues directly from Eq. ( |23| ) 

J q ( w ) = [ d 2 x u>(x)e' lqx = k a e lqXa , 

J a 

where k a = io(x a ), and local currents are recognized to 
have the form J q = e ,qXa . As a consequence of the Baker- 
Campbell-Hausdorf formula exp(—^[Q, P])expQexpP = 
cxp(Q + P) it is found that 

giqx a gipx ae i* a (g,p) _ e i(px a +qx a ) 

The phase § a (q,p) — (h/2pk a )es • (qAp) is the nontriv- 
ial effect deriving from the canonical quantization. In 
fact, while the commutator of two any local currents still 
generates a current (see Eq. (^)) since 



K, J P ] = Sab 2i k a sin[$ (g,p)] J£ +q 



(25) 



the attempt to reconstruct the CA, namely the commu- 
tators (]24|), fails due to the nonlinearity of the sine factor 
arising in Eq. (25) that prevents the superposition of lo- 



cal current Jp +q with different label a. The usual result 
is recovered however either in the limit h — > or when 
k a — > oo, both entailing a semiclassical picture of vor- 
tices. 

On the other hand, writing explicitly the current com- 
mutator 



[J q , J p ] = 2i^2 k a 8m[$ a (q,p)] Jp 1 



p+q 



shows the presence of an underlying magnetic-like struc- 
ture where two generators of planar displacements (mag- 
netic translations) commute provided the area element 
in the mode space e3 ■ (q A p) is equal (up to a factor 
7i") to the multiple fluxon n (2pk a /h), n £ N. Also, it is 
worth noting that the structure (EJ) is partially recov- 
ered, namely 



[yqj Jp] 



2*/csin[<%,p)]]Tj p I +q 



(26) 



when assuming the standard (low temperature) vorticity 
configuration \k a \ = k = h/m (due to the Feynman- 
Onsager condition, where m is the Helium atomic mass), 



for each vortex. In this case local currents share the same 
sine factor which keeps memory of the pointlike form of 
vortex cores. A similar portrait has been depicted in 
Refs. Jl!| and by considering certain realizations of 
the algebra diff(T 2 ) and su(N) and their link via con- 
traction. More precisely, su(N) has been shown to be 
equipped with commutators whose structure constants 
have the form 7Vsin[e3 • (qAp) /N] which reproduces that 
of diff(T 2 ) for N -> oo. 



V. CONCLUSIONS 



Based on a heuristic approach, we have shown in Sec. 
Ill that the LP structure of string vortices can be evinced 
by combining the effect of the string limit ([l^) on cur- 
rents and the request that the algebraic structure of CA 
is preserved. Such a heuristic way bypasses the complex- 
ity of Dirac's formalism. 

A more detailed procedure has been supplied in Ap- 
pendix A based on the Clebsch potential picture of per- 
fect fluids and the explicit use of diffeomorphisms as the 
dynamical variables in terms of which reformulating the 
LP brackets. 

The applications of formula (JlJ) are at least twofold. 
First it is a crucial ingredient in constructing the func- 
tional operator form of the currents of A in the imple- 
mentation of the geometric quantization scheme , |j] 
for string vortices. Second, one can take advantage from 
formula (|f5|) to study the algebraic structure of string 
functionals such as Chen iterated path integrals |2(| that 
represent the higher order topological charges of the 
string Q. 

The limiting process reveals the possible many- 
component structure of the string. Such an aspect is 
fully accounted in the planar vortex case discussed in 
Sec. IV and is used to make evident the fine structure 
of the current algebra. Relying on such a formulation of 
the dynamical algebra, we have reconstructed the CA for 
(planar) point vortices showing how the canonical quan- 
tization process yields a different algebraic structure for 
the local currents. The difference disappears upon pas- 
sage to an appropriate semiclassical limit. 

This effect is of course explainable as the manifestation 
of the structural inequivalence between a model with a 
discrete distribution of the vorticity and a (smooth) vor- 
ticity field theory. It might be used in an explicit way to 
characterize the transition from the (low temperature) 
rarefied gas of point vortex pairs to a fluid with many 
interacting vortices, which takes place in planar superflu- 
ids when temperature is raised. The many-vortex fluid 
induces a more intense vortex interaction which possi- 
bly requires a fieldlike description capable of describing 
vortex cores which are no longer reducible to pointlike 
objects. 
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represents the result we must reproduce by introducing 
y-dependent functional derivatives. Upon expressing a 
current as 



J A [w] = kp Jd 3 x A(x) • (Vo(x) A V#x)) 



(A3) 



where a, (3 contain 77, the functional derivative of J a can 
be written through the formula 



^ Vy k = pw(x) A a(x) :=D V J A . 



(A4) 



APPENDIX A: 

The use of diffeomorphisms x — > y = 77 (x) as the dy- 
namical variables of the system is based on the Clebsch 
potentials (CP) picture of the vorticity field w. Within 
the CP picture assigning the field v (or w, i.e., the state 
of the fluid) is equivalent to defining the set of CP 

{(U 3 ,( aj ,(3 3 ,p 3 )) ||J.Z4=R 3 } , 

on a suitable covering of R 3 , such that v = k(aj V{3j+Vipj ) 
and w = kVctj A V/3j in the chart U 3 (index j referred 
to local charts is dropped in the sequel to simplify for- 
mulas). Triads of CP provide an alternative system of 
coordinates represented by the map (with its inverse) 

(a(x),/3(x),</>(x)) ^ x = x (a, (3, <p) 



whose definitcness is ensured by the fact that its Jacobian 

v • w 



I (x) = Vip ■ (Va A V/3) 



k 2 



(Al) 



is nonvanishing (namely the topological charge is nonzero 
) . The Jacobian furnishes further geometric informa- 
tion. In particular, a set of six equations can be easily 
worked out from Eq. ( Al ) two of which read 



(vX 

I — = Va A V/3 

dip 



V ^ J ^ A ^' (A2) 



while the others are obtained by cyclic permutations of a, 
(3, p. The w can be thought of as the set of its fibers (that 
is its integral curves) filling the whole ambient space R 3 . 
Fibers x (a, (3, ip), in turn, embody the topological struc- 
ture of w and are homotopic to each other (the extended 
version of such a review can be found in Ref . || ) . 

The time evolution involves the change driven by the 
time-dependent diffeomorphisms r\ 

(a(x),&(x),/(x))^(a(x),/3(x),^(x)), 

where o(x) := a[r](x)], /3(x) := %(x)], tp(x) := f[rj(x)], 
and 7y(x) = x at the initial time. This allows one to re- 
gard y = ?y(x) as a dynamical variable. The kernel of for- 
mula M for F — J a, G — Jb reduces to w • (aAb) which 



The identity w- (a A b) = (w/w 2 }[D y J a A D y J B ], where 
w = Vo(x) A V/3(x) must be considered as dependent on 
yk _ ^ fe ( x ), is derived from Eq. (A4). Then the brackets 



{J A, Jb}(w) = - [ d 3 x — !j • [D y J a A D y J B ] , (A5) 
can be defined. Since D y J 'a is also available in the form 



dx 

D y J A = p/(x) — A a(x) 



(A6) 



one finds that the string limit of Eq. ( jA5| ) is well defined 
in that the factor 1/w 2 generating a divergent contri- 
bution is compensated by two factors /(x) coming from 
D y J a and D v Jb- In the string limit, in fact, one can eas- 
ily show that the approximation X3 ~ (f> can be locally 
implemented around the vortex core as a consequence of 
the confinem ent of vorticity inside a thin cylinder. In 
view of Eq. ( |A^ ) this implies that /(x) ~ |w(x)|. Con- 
sequently, one finds 



D y J a dx 
p\w\ d<p 



Aa(x) 



SJa 



where the subscript T recalls that x 6 T and 
with the arclength in the above expression. 
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